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We derive closed-form solutions to the mixed boundary value problem of a partially deb-
onded rigid line inclusion penetrating a circular elastic inhomogeneity under antiplane
shear deformation. The two tips of the rigid line inclusion are just mutual mirror images
with respect to the inhomogeneity/matrix interface, and the upper part of the rigid line
inclusion is debonded from the surrounding materials. By using conformal mapping and
the method of image, closed-form solutions are derived for three loading cases: (i) the
matrix is subjected to remote uniform stresses; (ii) the matrix is subjected to a line force
and a screw dislocation; and (iii) the inhomogeneity is subjected to a line force and a screw
dislocation. In the mapped n-plane, the solutions for all the three loading cases are inter-
preted in terms of image singularities. For the remote loading case, explicit full-ﬁeld
expressions of all the ﬁeld variables such as displacement, stress function and stresses
are obtained. Also derived is the near tip asymptotic elastic ﬁeld governed by two general-
ized stress intensity factors. The generalized stress intensity factors for all the three loading
cases are derived.
 2012 Elsevier Inc. All rights reserved.1. Introduction
The method of image has been widely adopted in deriving Green’s function solutions in electrostatics [1] and elastostatics
[2]. Usually the feasible conﬁgurations, in which the method of image can be applied to derive closed-form solutions, are
restricted to those in which there exists only a single straight or circular boundary [2]. When multiple boundaries exist
in a structure, the method of image will lose some attraction because now an inﬁnite number of images are required to
(approximately) satisfy the boundary conditions [3,4]. As a result the obtained Green’s functions are in series forms and
are approximate in nature. Some exceptions in which the number of images can still be ﬁnite even when there exist multiple
boundaries include: (i) a circular conductor partially merged in a dielectric cylinder [1]; (ii) an orthotropic (including isotro-
pic) quarter plane under antiplane deformations [5]. By using conformal mapping together with the method of image,
closed-form solutions for more complex conﬁgurations with multiple boundaries are expected to be obtained. For example,
in our recent study [6], we derived closed-form solutions to the problem of a ﬁnite crack partially penetrating a circular inho-
mogeneity under antiplane deformations. The traction-free boundary condition on the upper and lower crack surfaces is the
so-called Neumann (or second-type) boundary condition (in terms of the out-of-plane displacement). Apparently closed-
forms solutions can still be derived if we replace the ﬁnite crack studied in [6] by a rigid line inclusion (or stiffener, or anti-
crack) with vanishing thickness, on the two surfaces of which the displacement is ﬁxed (see the results in the Appendix). The
ﬁxed displacement condition is the Dirichlet (or ﬁrst-type) boundary condition. Most recently experimental and theoretical
investigations on rigid line inclusions have rekindled researchers’ interest (see for example [7–9]). The objective of this. All rights reserved.
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partially debonded rigid line inclusion penetrating a circular elastic inhomogeneity under antiplane shear deformation. More
speciﬁcally the upper part of the rigid line inclusion is debonded from the surrounding materials, whereas the lower part of
the line inclusion is perfectly bonded to the surrounding materials.
This work is structured as follows. In Section 2, basic formulation including the introduced conformal mapping is given. In
Section 3 we study in detail the mixed boundary value problem. Three loading cases are studied in this section: (i) the matrix
is subjected to remote uniform stresses (Section 3.1); (ii) the matrix is subjected to a line force and a screw dislocation (Sec-
tion 3.2); and (iii) the inhomogeneity is subjected to a line force and a screw dislocation (Section 3.3). An extreme loading
case of the so-called Zener–Stroh debonded anticrack is considered in Section 3.4. The obtained solutions for all these three
loading cases are easily interpreted in terms of image singularities in the mapped n-plane. In addition the generalized stress
intensity factors for all these loading cases are rigorously derived.2. Formulation
We establish a cartesian coordinate system (x,y) and consider the two-dimensional problem of a circular elastic inhomo-
geneity S1 of unit radius bonded to an inﬁnite matrix S2 through a sharp perfect interface L, as shown in Fig. 1. We further
assume that a straight rigid line inclusion lies on the segment x e [1/a,a] and y = 0, where a > 1. Apparently the two tips of the
rigid line inclusion are just mutual mirror images with respect to the circular interface |z| = 1. In addition the upper part of
the rigid line inclusion is debonded from the surrounding materials, whilst the lower part of the rigid line inclusion is still
perfectly bonded to the surrounding materials. In what follows the subscripts 1 and 2 (or the superscripts (1) and (2) for the
stress components) will refer to S1 and S2. We will discuss the problem in anti-plane shear. Under anti-plane shear deforma-
tion, the out-of-plane displacementw, the stress function /, and the stress components rzy and rzx can be expressed in terms
of an analytic function f(z) of the complex variable z = x + iy = r exp (ih) asFig. 1.
surrounl1/þ iw ¼ f ðzÞ; rzy þ irzx ¼ lf 0ðzÞ; ð1Þ
where the two stress components can be expressed in terms of the stress function asrzy ¼ /;x; rzx ¼ /;y: ð2Þ
Apparently there are in total three boundary or interface conditions to be addressed: (i) /=0 at x e [1/a, a] and y = 0+, (ii)
w=0 at x e [1/a, a] and y = 0-, (iii) /1 = /2 and w1 = w2 at x2 + y2 = 1. At ﬁrst sight it seems impossible to derive a closed-form
solution to this problem due to the existence of too many boundary or interface conditions to be satisﬁed.
Now we introduce the following conformal mapping functionz ¼ xðnÞ ¼ an
4 þ 1





; ðRefng; ImfngP 0Þ ð3Þwhich maps the circular inhomogeneity onto a quarter circular region: jnj 6 1 and Refng; ImfngP 0, and maps the matrix
onto jnjP 1 and Refng; ImfngP 0, as shown in Fig. 2. The upper part of the segment x e [1/a,a] and y = 0+ is mapped onto
Imfng ¼ 0; RefngP 0, and the lower part of the segment x e [1/a,a] and y = 0 is mapped onto Refng ¼ 0; ImfngP 0 (see





























Fig. 2. The problem in the n-plane.
486 X. Wang / Applied Mathematical Modelling 37 (2013) 484–497a quarter circular interface: jnj ¼ 1 and Refng; ImfngP 0. Apparently it is more convenient to discuss the boundary value
problem in the mapped n-plane. In the following discussions we will adopt the notation f(n) = f(x(n)).3. The mixed boundary value problem
In the n-plane, we have / = 0 at Imfng ¼ 0; RefngP 0; w = 0 at Refng ¼ 0; ImfngP 0. In the following three subsections
we will address one by one three loading cases: (i) the matrix is subjected to remote uniform stresses; (ii) the matrix is sub-
jected to a line force and a screw dislocation; (iii) the inhomogeneity is subjected to a line force and a screw dislocation. An
extreme loading case will also be discussed.
3.1. The matrix is subjected to remote uniform stresses
In this subsection we only consider the loading case in which the matrix is subjected to remote uniform stresses r1zy and
r1zx . By using the method of image, closed-form expressions of the two analytic functions f1(n) deﬁned in the circular inho-
mogeneity and f2(n) deﬁned in the matrix can be ﬁnally derived asf1ðnÞ ¼
e
p
4iða2  1Þðr1zy þ ir1zxÞn
a
3





p4iða2  1Þðr1zy  ir1zxÞn
a
3






































; ðjnjP 1 and Refng; ImfngP 0Þ: ð5ÞThe solution structure in the n-plane can be interpreted as follows:






at n ¼ a14ep4i;
(ii) a pole of strength k1 at n ¼ a14ep4i; (iii) a pole of strength k1 at n ¼ a14ep4i; (iv) a pole of strength k1 at n ¼ a14ep4i. The
distributions of the four poles outside the unit circle are illustrated in Fig. 3.






at n ¼ a14ep4i; (ii) a pole of strength k2 at
n ¼ a14ep4i; (iii) a pole of strength k2 at n ¼ a14ep4i; (iv) a pole of strength k2 at n ¼ a14ep4i; (v) a pole of strength k3 ¼ k1  k2
at n ¼ a14ep4i; (vi) a pole of strength k3 at n ¼ a14ep4i; (vii) a pole of strength k3 at n ¼ a14ep4i; (viii) a pole of strength k3 at
n ¼ a14ep4i. The distributions of the eight poles can also be found in Fig. 3. The ﬁrst four poles are all located outside the unit
circle, whereas the last four poles are located inside the unit circle. In addition the pole at n ¼ a14ep4i is the actual singularity














Fig. 3. The distributions of the four poles outside the unit circle for f1(n), and the distributions of the eight poles (four outside the unit circle, and the rest
four inside the unit circle) for f2(n).
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ðz aÞ34; ðjzj 6 1Þ; ð6Þ
f2ðzÞ ¼















þ l1  l2
l1 þ l2



























; ðjzjP 1Þ;where the common branch cut for the multi-valued functions is x 2 ½1=a; a and y ¼ 0 .
By making use of the above expressions of f1(z) and f2(z), all the ﬁeld variablesw, /, rzx and rzy are distributed in the inho-




























































 cos 3h1 þ h2
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þ cos 3h1 þ h2
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þ sin h2  h1
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 cos h2  h1
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75; ð13Þwherez a ¼ r1 expðih1Þ; z 1a ¼ r2 expðih2Þ;
1
z
 a ¼ ~r1 expði~h1Þ; 1z 
1
a
¼ ~r2 expði~h2Þ: ð14ÞThe adopted two center bipolar coordinates ðr1; h1Þ; ðr2; h2Þ and ð~r1; ~h1Þ; ð~r2; ~h2Þ in the above expressions are illustrated in
Fig. 1. It is observed from Eqs. (10)–(13) that the stress components rzx and rzy exhibit 1/4 and 3/4 singularities near the
tips (1/a,0) and (a,0) of the rigid line inclusion with its upper part being debonded. It is further deduced from Eqs. (8) and (9)

















½ða xÞ14ðx 1a Þ
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4ð1x  1a Þ
3
4ðr1zy þ r1zxÞ þ ða 1x Þ
3
4ð1x  1a Þ
1
4ðr1zy  r1zxÞ; ð1 6 x 6 aÞ
8>><
>>>:
wðx;0Þ ¼ 0; ð1a 6 x 6 aÞ
ð15Þ














4ðr1zy  r1zxÞ; ð1a 6 x 6 1Þ
1ﬃﬃ
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p ½ða xÞ14ðx 1a Þ
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4ð1x  1a Þ
3
4ðr1zy þ r1zxÞ  ða 1x Þ
3
4ð1x  1a Þ
1
4ðr1zy  r1zxÞ; ð1 6 x 6 aÞ
8>><
>>:
ð16ÞApparently the boundary conditions on the upper and lower parts of the rigid line inclusion have indeed been satisﬁed.
On the other hand when the complex variable z is just on the circular interface L, we have ~r1 ¼ r1; ~r2 ¼ r2 and
~h1 ¼ h1; ~h2 ¼ h2. It can then be easily observed from Eqs. (8) and (9) that both the displacement w and the stress function
/ are indeed continuous across L. Figs. 4 and 5 show the variations of wðx;0þÞ for ﬁve different values of l1=l2 with a = 1.5. It





















Fig. 4. The variations of wðx;0þÞ for ﬁve different values of l1=l2 with a = 1.5 when the matrix is only subjected to r1zy (with r1zx ¼ 0).


























Fig. 5. The variations of wðx;0þÞ for ﬁve different values of l1=l2 with a = 1.5 when the matrix is only subjected to r1zx (with r1zy ¼ 0).
X. Wang / Applied Mathematical Modelling 37 (2013) 484–497 489is observed from Fig. 4 that when the composite is only loaded by r1zy > 0 (with r1zx ¼ 0),wðx;0þÞ is always non-negative, and
its magnitude at a ﬁxed point becomes larger as the inhomogeneity becomes softer. On the other hand it is found from Fig. 5
that when the composite is only loaded by r1zx > 0 (with r1zy ¼ 0), wðx;0þÞ inside the inhomogeneity is always non-positive
whilst wðx;0þÞ in the matrix can be positive as well as negative. In addition it is found from Figs. 4 and 5 that wðx;0þÞ  0
inside a rigid circular inhomogeneity (l1=l2 ¼ 1), which is in agreement with our intuition.





































































5þ l2  l1
8ðl1 þ l2Þx2
































;; ðx 6 1 or x > aÞ; ð17bÞ
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; ð17cÞ

















































































































































5þ l2  l1
8ðl1 þ l2Þx2










































































rð1Þzx ðx;0Þ ¼ 0;
1
a

























































































































































































































; as z ! a
ð21Þ



























































r1zy  r1zx þ











r1zy þ r1zx þ





: ð23ÞApparently two real parameters are needed to describe the near-tip elastic ﬁeld.
Interestingly the results obtained in this subsection indicate that when the matrix is only subjected to remote uniform
stresses, full-ﬁeld solutions of displacement, stress function and stresses can be obtained.3.2. The matrix is subjected to a line force and a screw dislocation
In this subsection we consider the loading case in which the matrix is only subjected to an antiplane force f and a screw
dislocation with magnitude b located at z ¼ z0 ¼ x0 þ iy0; ðjz0j > 1Þ (or n ¼ n0 ¼ ðaz01az0 Þ
1
4; ðjn0j > 1Þ in the n-plane). By using
the method of image, closed-form expressions of the two analytic functions f1(n) deﬁned in the circular inhomogeneity and































775; ðjnj 6 1 and Re fng; Im fngP 0Þ ð24Þf2ðnÞ ¼ b2p ln
ðn n0Þðnþ n0Þðnþ a14ep4iÞðn a14ep4iÞ






ðn n0Þðn n0Þðnþ a14ep4iÞðnþ a14ep4iÞ
ðnþ n0Þðnþ n0Þðn a14ep4iÞðn a14ep4iÞ























































Fig. 6. The distributions of the singularities for f1(n) and f2(n) when the matrix is subjected to a line force and screw dislocation.
492 X. Wang / Applied Mathematical Modelling 37 (2013) 484–497The solution structure in the n-plane for this loading case can be interpreted as: f1(n) can be considered as line forces and
screw dislocations applied at eight singular points outside the unit circle, whilst f2(n) can be considered as line forces and
screw dislocations applied at sixteen singular points. The distributions of the singularities for f1(n) and f2(n) are illustrated
in Fig. 6. A detailed description of these forces and dislocations can be found in Tables 1 and 2. In Tables 1 and 2, we have





are the original actual ones due to the action of the line force and screw dislocation at z ¼ z0 in the matrix, whilst all the rest
fourteen singularities are image ones.






2 governing the near-tip elastic ﬁeld (19)–(22) for this loading case

























































































þ l2ðl1  l2Þ
4pða3  aÞ34ðl1 þ l2Þ













































þ l2ðl1  l2Þ
4pða3  aÞ14ðl1 þ l2Þ


















; ð27Þwhere the two center bipolar coordinates ðr1; h1Þ; ðr2; h2Þ and the polar coordinates (r,h) should be understood as those for
the line force and dislocation located at z = z0.
If the matrix is only subjected to a screw dislocation (with f = 0), the image force acting on the screw dislocation can be






























; ð28Þwhere Fx and Fy are respectively the x and y components of the image force.forces and screw dislocations at eight singular points for f1(n).
tion n0 n0 n0 n0 a14ep4i a14ep4i a14ep4i a14ep4i
e Cf Cf Cf Cf Cf Cf Cf Cf
cation ð2 CÞb ðC 2Þb ð2 CÞb ðC 2Þb ðC 2Þb ð2 CÞb ðC 2Þb ð2 CÞb
forces and screw dislocations at sixteen singular points for f2(n).
tion n0 n0 n0 n0 a14ep4i a14ep4i a14ep4i a14ep4i
e f f f f f f f f
cation b b b b b b b b
tion n10 n
1
0 n10 n10 a14ep4i a14ep4i a14ep4i a14ep4i
e ð1 CÞf ð1 CÞf ðC 1Þf ðC 1Þf ðC 1Þf ðC 1Þf ð1 CÞf ð1 CÞf
cation ðC 1Þb ð1 CÞb ðC 1Þb ð1 CÞb ð1 CÞb ðC 1Þb ð1 CÞb ðC 1Þb
















Fig. 7. The variations of Fx on a dislocation at (x0,0) by using the full-ﬁeld solution (28), far-ﬁeld solution (29) and near-tip solution (32) with
l1 ¼ 3l2; a ¼ 1:5.






























; as r ¼ jz0j ! 1 ð30Þwhere Fr and Fh are respectively the radial and tangential components of the force. It is interesting to look into the case of





; Fh  0; as r !1 ð31Þwhich is just the long range result of a screw dislocation interacting with a perfectly bonded circular inhomogeneity [2].
On the other extreme end, if the screw dislocation is very close to the right tip of the debonded rigid line inclusion at x = a,








; Fy ﬃ l2b
2
pr1




; as r1 ! 0 ð32Þor equivalentlyFr ﬃ l2b
2
pr1






; as r1 ! 0 ð33Þwhich indicates that: (i) the image force exhibits 1/r1 singularity near the tip; and (ii) the dislocation is always attracted to
the debonded rigid line inclusion (Fr < 0).
In order to illustrate and verify the above analytical results, we show in Fig. 7 the variations of Fx on a dislocation at (x0,0)
by using the full-ﬁeld solution (28), far-ﬁeld solution (29) and near-tip solution (32) with l1 ¼ 3l2; a ¼ 1:5. It is apparent
from Fig. 7 that when x0 is sufﬁciently large (say x0 > 2.5), the far-ﬁeld solution really approaches the full-ﬁeld solution. In
addition the far-ﬁeld solution is always positive, the near-tip solution is always negative, whereas the full-ﬁeld solution,
which lies between the far-ﬁeld solution and the near-tip solution, is negative when x0 < 1.9193 and is positive when
x0 > 1.9193.
3.3. The inhomogeneity is subjected to a line force and a screw dislocation
In this subsection we consider the loading case in which the circular inhomogeneity is subjected to an antiplane force f
and a screw dislocation with magnitude b located at z = z0, (|z0| < 1) (or n ¼ n0 ¼ ðaz01az0 Þ
1
4; ðjn0j < 1Þ in the n-plane). By using
the method of image, closed-form expressions of the two analytic functions f1(n) deﬁned in the circular inhomogeneity and
f2(n) deﬁned in the matrix can be ﬁnally derived as






































ðjnj 6 1 and Refng; ImfngP 0Þ ð34Þ






































ðjnjP 1 and Refng; ImfngP 0Þ ð35ÞThe solution structure in the n-plane for this loading case can be interpreted as: f1(n) can be considered as line forces and
screw dislocations applied at twelve singular points, whilst f2(n) can be considered as line forces and screw dislocations ap-
plied at twelve singular points. The distributions of the singularities for f1(n) and f2(n) are illustrated in Fig. 8. A detailed
description of these forces and dislocations can be found in Tables 3 and 4. In Table 3, the singularity at n = n0 is the original
actual one due to the action of the line force and screw dislocation at z = z0 in the circular inhomogeneity, whilst all the rest
eleven singularities are image ones. In Table 4, the singularity at n ¼ a14ep4i is the original actual one due to the remote singular
behavior of line force and screw dislocation, all the rest eleven singularities are image ones.






2 governing the near-tip elastic ﬁeld (19)–(22) for this loading case








4 ðb l11 f Þ cos 3ðh2h1Þ4  ðbþ l11 f Þ sin 3ðh2h1Þ4
h i






















4 ðbþ l11 f Þ cos h2h14 þ ðb l11 f Þ sin h2h14
	 














































Fig. 8. The distributions of the singularities for f1(n) and f2(n) when the inhomogeneity is subjected to a line force and screw dislocation.
Table 3
The line forces and screw dislocations at twelve singular points for f1(n).
Location n10 n
1
0 n10 n10 a14ep4i a14ep4i a14ep4i a14ep4i
Force ðC 1Þf ðC 1Þf ð1 CÞf ð1 CÞf Cf Cf Cf Cf
Dislocation ð1 CÞb ðC 1Þb ð1 CÞb ðC 1Þb ðC 2Þb ð2 CÞb ðC 2Þb ð2 CÞb
Location n0 n0 n0 n0
Force f f f f
Dislocation b b b b
Table 4
The line forces and screw dislocations at twelve singular points for f2(n).
Location n0 n0 n0 n0 a14ep4i a14ep4i a14ep4i a14ep4i
Force ð2 CÞf ð2 CÞf ðC 2Þf ðC 2Þf ðC 1Þf ðC 1Þf ð1 CÞf ð1 CÞf










Force f f f f
Dislocation b b b b


















































ð37Þ3.4. An extreme loading case
Now we consider the extreme loading case by letting a screw dislocation (with f = 0) approach the upper debonded sur-
face of the rigid line inclusion, and meanwhile by letting a line force (with b = 0) approach the lower bonded surface of the
rigid line inclusion. We feel this extreme loading case is a generalization of the traditional Zener–Stroh crack [10–12], and
can be termed a Zener–Stroh debonded anticrack. By making use of the results either in Section 3.2 or those in Section 3.3,






2 for this extreme loading casekL1 ¼ 




; kL2 ¼ 










bþ l12 f þ










b l12 f þ






Analytically studied in this work is a partially debonded rigid line inclusion penetrating a circular elastic inhomogeneity.
In order to arrive at closed-form solutions, it is assumed that: (i) the two tips of the rigid line inclusion are just mutual mirror
images with respect to the inhomogeneity/matrix circular interface; and (ii) the upper part of the rigid line inclusion is deb-
onded from the surrounding materials. By means of conformal mapping and the method of image, closed form solutions for
three loading cases are derived. Finally we present in the Appendix closed-form solutions to a perfectly bonded line inclusion
partially penetrating a circular inhomogeneity.
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Appendix
Below we will present closed-form solutions to a perfectly bonded rigid line inclusion partially penetrating a circular
inhomogeneity. The geometry of the problem is similar to that shown in Fig. 1 except that now the two surfaces of the rigid
line inclusion are perfectly bonded to the surrounding materials.
496 X. Wang / Applied Mathematical Modelling 37 (2013) 484–497First if the matrix is only subjected to remote uniform stress component r1zx (the other component r1zy will not disturb the
rigid line inclusion), the analytic functions f1(z) deﬁned in the inhomogeneity and f2(z) deﬁned in the matrix can be simply


































; ðjzjP 1Þ ðA2Þwhere the branch cut for the multi-valued function is x 2 ½1=a; a and y ¼ 0.






































































































































































ðA4ÞIt can be easily veriﬁed from (A3) that: (i) the displacement is zero on the two surfaces of the rigid line inclusion; (ii) both
the displacement and the stress function are continuous across the interface L. It is observed from (A4) that rð1Þzx ¼ rð2Þzx ¼ 0 on
the rigid line inclusion, rð1Þzy ¼ rð2Þzy ¼ 0 on the real x-axis outside the rigid line inclusion.
Second if the matrix is only subjected to a line force f and a screw dislocation b located at z ¼ z0; ðjz0j > 1Þ, the two ana-
lytic functions f 01ðzÞ and f 02ðzÞ are given byf 01ðzÞ ¼
2l2
l1 þ l2
hðzÞ; ðjzj 6 1Þ



















75þ bþ il12 f
4pðz z0Þ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


















4pðz0  z0Þ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðz0  1aÞðz0  aÞ
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
























75; ðA7Þfrom which the far-ﬁeld asymptotic expression can be derived asFr ﬃ l2b
2 sin2 h
16pr3



















; as r !1
ðA8Þ
X. Wang / Applied Mathematical Modelling 37 (2013) 484–497 497Third if only the inhomogeneity is subjected to a line force f and a screw dislocation b located at z ¼ z0; ðjz0j < 1Þ, the two
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